Relativistic effects due to gravimagnetic moment of a rotating body by Ramírez, Walberto Guzmán & Deriglazov, Alexei A.
ar
X
iv
:1
70
9.
06
89
4v
2 
 [g
r-q
c] 
 2 
Oc
t 2
01
7
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We compute exact Hamiltonian (and corresponding Dirac brackets) for spinning particle with
gravimagnetic moment κ in an arbitrary gravitational background. κ = 0 corresponds to the
Mathisson-Papapetrou-Tulczyjew-Dixon (MPTD) equations. κ = 1 leads to modified MPTD equa-
tions with reasonable behavior in the ultrarelativistic limit. So we study the modified equations in
the leading post-Newtonian approximation. Rotating body with unit gravimagnetic moment has
qualitatively different behavior as compared with MPTD body: A) If a number of gyroscopes with
various rotation axes are freely traveling together, the angles between the axes change with time.
B) For specific binary systems, gravimagnetic moment gives a contribution to frame-dragging effect
with the magnitude, that turns out to be comparable with that of Schiff frame dragging.
PACS numbers: 04.20.-q, 03.65.Sq, 04.20.Fy, 04.20.Cv, 04.80.Cc.
I. INTRODUCTION
Rotating body in general relativity is usually described
on the base of manifestly generally covariant Mathisson-
Papapetrou-Tulczyjew-Dixon (MPTD) equations, that
prescribe the dynamics of both trajectory and spin of
the body in an external gravitational field [1–6]. Starting
from the pioneer works, these equations were considered
as a Hamiltonian-type system. In the recent work [7], we
realized this idea by constructing the minimal interaction
with gravity in the vector model of spinning particle, and
showed that this indeed leads to MPTD equations in the
Hamiltonian formalism (see also below). This allowed
us to study ultra relativistic limit in exact equations for
trajectory of MPTD particle in the laboratory time. Us-
ing the Landau-Lifshitz (1+3) -decomposition [8] we ob-
served that, unlike a geodesic equation, the MPTD equa-
tions lead to the expression for three-acceleration which
contains divergent terms as v → c [9]. Fast test particles
are now under intensive investigation [10–14], and repre-
sent an important tool in the study, for example, of near
horizon geometry of black holes [15–23]. So, it would be
interesting to find a generalization of MPTD equations
with improved behavior in ultra relativistic regime. This
can be achieved, if we add a non-minimal spin-gravity in-
teraction through gravimagnetic moment [24]. In the the-
ory with unit gravimagnetic moment, both acceleration
and spin torque have reasonable behavior in ultra rela-
tivistic limit. In the present work we study the modified
equations in the regime of small velocities in the leading
post-Newtonian approximation. In Schwarzschild and
Kerr space-times, the modified equations imply a num-
ber of qualitatively new effects, that could be used to
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test experimentally, whether a rotating body in general
relativity has null or unit gravimagnetic moment.
The work is organized as follows. In Sect. II we
shortly describe Lagrangian and Hamiltonian formula-
tions of vector model of spinning particle and compute
Dirac brackets of the theory in an arbitrary gravitational
background. In the formulation with use of Dirac brack-
ets, the complete Hamiltonian acquires a simple and ex-
pected form, while an approximate 1c2 Hamiltonian, fur-
ther obtained in Sect. IV, strongly resembles that of
spinning particle in electromagnetic background. This
is in correspondence with the known analogy between
gravity and electromagnetism [25–28]. In Sect. III we
introduce non-minimal spin-gravity interaction through
the gravimagnetic moment and obtain the corresponding
equations of motion. We show that constants of mo-
tion due to isometries of space-time for the MPTD and
the modified equations are the same. In section IV we
compute the leading post-Newtonian corrections to the
trajectory and spin of our particle with unit gravimag-
netic moment, and present the corresponding effective
Hamiltonian in 1c2 -approximation. The non-minimal in-
teraction implies extra contributions into both trajectory
and spin, as compared with MPTD equations in the same
approximation. A number of effects due to non-minimal
interaction are discussed in Sect. V.
Notation. Our variables are taken in arbitrary
parametrization τ , then x˙µ = dx
µ
dτ . The square brack-
ets mean antisymmetrization, ω[µπν] = ωµπν − ωνπµ.
For the four-dimensional quantities we suppress the con-
tracted indexes and use the notation x˙µGµν x˙
ν = x˙Gx˙,
Nµν x˙
ν = (Nx˙)µ, ω2 = gµνω
µων , µ, ν = 0, 1, 2, 3. No-
tation for the scalar functions constructed from second-
rank tensors are θS = θµνSµν , S
2 = SµνSµν . When
we work in four-dimensional Minkowski space with co-
ordinates xµ = (x0 = ct, xi), we use the metric ηµν =
(−,+,+,+), then x˙ω = x˙µωµ = −x˙0ω0 + x˙iωi and so
on. Suppressing the indexes of three-dimensional quanti-
2ties, we use bold letters, viγija
j = vγa, viGiµv
µ = vGv,
i, j = 1, 2, 3, and so on.
The covariant derivative is ∇ωµ = dωµdτ + Γµαβ x˙αωβ.
The tensor of Riemann curvature is Rσλµν = ∂µΓ
σ
λν −
∂νΓ
σ
λµ + Γ
σ
βµΓ
β
λν − ΓσβνΓβλµ.
II. VECTOR MODEL OF SPIN AND
MATHISSON-PAPAPETROU-TULCZYJEW-
DIXON
EQUATIONS
In the vector model of spin presented in [29], the con-
figuration space consist of the position of the particle
xµ(τ), and the vector ωµ(τ) attached to the point xµ(τ).
Minimal interaction with gravity is achieved by direct
covariantization of the free action, initially formulated in
Minkowski space. That is we replace ηµν → gµν , and
usual derivative of the vector ωµ by the covariant deriva-
tive: ω˙µ → ∇ωµ. The resulting Lagrangian action reads
[7]
S =− 1√
2
∫
dτ
[
m2c2 − α
ω2
] 1
2
×
√
−x˙Nx˙−∇ωN∇ω + T 1/2 . (1)
We have denoted T ≡ [x˙Nx˙ +∇ωN∇ω]2 − 4(x˙N∇ω)2,
and Nµν ≡ gµν − ωµωνω2 . The matrix N is a projector on
the plane orthogonal to ω: Nµνω
ν = 0. The parameter
α determines the value of spin, in particular, α = 3~
2
4
corresponds to the spin one-half particle. In the spinless
limit, ωµ = 0 and α = 0, Eq. (1) reduces to the standard
Lagrangian of a point particle, −mc√−x˙2.
The action is manifestly invariant under general-
coordinate transformations as well as under
reparametrizations of the evolution parameter τ .
Besides, there is one more local symmetry, which acts
in spin-sector and called the spin-plane symmetry:
the action remains invariant under rotations of the
vectors ωµ and πµ =
∂L
∂ω˙µ in their own plane [30]. Being
affected by the local transformation, these vectors do not
represent observable quantities. But their combination,
Sµν = 2(ωµπν − ωνπµ), is an invariant quantity, which
represents the spin-tensor of the particle. We decompose
the spin-tensor as follows:
Sµν = 2(ωµπν − ωνπµ) = (Si0 = Di, Sij = 2ǫijkSk),(2)
where Si is three-dimensional spin-vector, and Di is
dipole electric moment [31].
Since we deal with a local-invariant theory and, fur-
thermore, one of the basic observables is constructed from
the phase-space variables, the Hamiltonian formalism is
the most convenient for analyzing the dynamics of the
theory. So, we first obtain the Hamiltonian equations of
motion, and next, excluding momenta, we arrive at the
Lagrangian equations for the physical-sector variables x
and S.
Conjugate momenta for xµ and ωµ are pµ =
∂L
∂x˙µ and
πµ =
∂L
∂ω˙µ respectively. Due to the presence of x˙
µ in
∇ωµ, the conjugated momentum pµ does not transform
as a vector, so it is convenient to define the canonical
momentum
Pµ ≡ pµ − Γβαµωαπβ , (3)
which transforms as a vector under general-coordinate
transformations. The full set of phase-space coordinates
consists of the pairs xµ, pµ and ω
µ, πµ. They fulfill the
fundamental Poisson brackets {xµ, pν} = δµν , {ωµ, πν} =
δµν , then
{Pµ, ων} = Γνµαωα, {Pµ, πν} = −Γαµνπα,
{Pµ, ω2} = {Pµ, π2} = {Pµ, ωπ} = 0. (4)
For the quantities xµ, Pµ and Sµν , the basic Poisson
brackets imply the typical relations used by people for
spinning particles in Hamiltonian formalism
{xµ, Pν} = δµν , {Pµ, Pν} = −
1
4
RµναβS
αβ ,
{Pµ, Sαβ} = ΓαµσSσβ − ΓβµσSσα ,
{Sµν , Sαβ} = 2(gµαSνβ − gµβSνα − gναSµβ + gνβSµα) . (5)
Applying the Dirac-Bergman procedure for a singular
system to the theory (1), we arrive at the Hamiltonian
[9]
H =
λ1
2
[T1 + 4a(πθP )T3 − 4a(ωθP )T4 + T5] + λ2T2 ,(6)
composed of the constraints
T1 ≡ P 2 +m2c2 = 0, (7)
T2 ≡ ωπ = 0, T3 ≡ Pω = 0, T4 ≡ Pπ = 0,
T5 ≡ π2 − αω2 = 0 . (8)
In the expression for H we have denoted
θµν ≡ RαβµνSαβ , a ≡ 2
16m2c2 + (θS)
. (9)
The antisymmetric tensor θµν turns out to be gravita-
tional analogy of the electromagnetic field strength Fµν ,
see below. T1, . . . , T4 appear as the primary constraints
in the course of Dirac-Bergmann procedure, T5 is the
only secondary constraint of the theory, and λ1, λ2 are
the Lagrangian multipliers associated to T1 and T2. Pois-
son brackets of the constraints are summarized in Table
I. The Table implies that T3 and T4 represent a pair of
second-class constraints, while T2, T5 and the combina-
tion T1+4a(πθP )T3− 4a(ωθP )T4 are the first-class con-
straints. So the Hamiltonian (6) consist of the first-class
constraints.
Taking into account that each second-class constraint
rules out one phase-space variable, whereas each first-
class constraint rules out two variables, we have the right
number of spin degrees of freedom, 8− (2 + 4) = 2. The
meaning of the constraints becomes clear if we consider
3TABLE I. Poisson brackets of constraints
T1 T5 T2 T3 T4
T1 = P
2 +m2c2 0 0 0 1
2
(ωθP ) 1
2
(piθP )
T5 = pi
2
−
α
ω2
0 0 −2T5 −2T4 −2αT3/(ω
2)2
T2 = ωpi 0 2T5 0 −T3 T4
T3 = Pω −
1
2
(ωθP ) 2T4 T3 0 P
2
−
(θS)
16
≈ −
1
8a
T4 = Ppi −
1
2
(piθP ) 2αT3/(ω
2)2 −T4 −P
2 + (θS)
16
≈
1
8a
0
their effect over the spin tensor. The second-class con-
straints T3 = 0 and T4 = 0 imply the spin supplementary
condition
SµνPν = 0 , (10)
while the first-class constraints T2 and T5 fix the value of
square of the spin tensor
SµνSµν = 8α. (11)
The equations (10) and (11) imply that only two compo-
nents of spin-tensor are independent, as it should be for
an elementary spin one-half particle.
We could use Poisson brackets to obtain the Hamilto-
nian equations, z˙ = {z,H}, for the variables of physical
sector z = (x, P, S). But in this case we are forced to
work with rather inconvenient Hamiltonian (6). Instead,
we construct the Dirac bracket associated with second-
class constraints T3 and T4. It is convenient to denote
{T3, T4} = − 18△ , where △ = −216P 2−(θS) , then △ ≈ a on
the surface of mass-shell constraint T1 = 0. The Dirac
bracket reads
{A,B}D =
{A,B} − 8△ [{A, T3}{T4, B} − {A, T4}{T3, B}] .(12)
By construction, the Dirac bracket of any variable with
the constraints vanishes, so T3 and T4 can be omitted
from the Hamiltonian. The first-class constraints T2 and
T5 can be omitted as well, since brackets of the variables
x, P and S with them vanish on the constraint surface.
In the result we arrive at a simple Hamiltonian
H0 =
λ1
2
(
P 2 +m2c2
)
, (13)
which looks like that of a free point particle. All the
information on spin and interaction is encoded now in
the Dirac bracket. In particular, equations of motion are
obtained according the rule z˙ = {z,H0}D.
Poisson brackets of our variables with T3 and T4 are
{xµ, T3} = ωµ, {xµ, T4} = πµ,
{Pα, T3} = − 14θαβωβ + ΓλαβPλωβ,
{Pα, T4} = − 14θαβπβ + ΓλαβPλπβ ,
{Sµν, T3} = 2P [µων] + Γ[µαβSν]αωβ,
{Sµν , T4} = 2P [µπν] + Γ[µαβSν]απβ . (14)
Using these expressions in (12), we obtain manifest form
of the Dirac brackets
{xµ, xν}D = 4△Sµν ,
{Pµ, Pν}D = −1
4
θµν + 4△(ΓP )µαSαβ(ΓP )βν
−△
8
(
θµαS
αβ [θβν + 4(ΓP )βν]− (µ↔ ν)
)
,
{xµ, Pα}D = δµα +△Sµβ [θβα + 4(ΓP )βα] ,
{xµ, Sαβ}D = −8△
[
Sµ[αP β] − 1
2
SµσΓ
[α
σλS
β]λ
]
,
{Pα, Sµν}D = −Γ[µασSν]σ
+△ [θαβ + 4(ΓP )αβ ]
(
2Sβ[µP ν] − SβηΓ[µηλSν]λ
)
,
{Sµν , Sαβ}D = {Sµν , Sαβ} (15)
−8△ [2 (PµPαSβν − PµP βSαν − P νPαSβµ + P νP βSαµ)
−P [µSν]λΓ[αλσSβ]σ + P [αSβ]λΓ[µλσSν]σ −
1
2
Γ
[µ
σλS
ν]σSλρΓ[αρǫS
β]ǫ
]
.
Their right hand sides do not contain explicitly the vari-
ables ω and π, so the brackets form a closed algebra for
the set (x, P, S).
The Dirac brackets remain different from the Poisson
brackets even in the limit of a free theory, gµν → ηµν . In
particular, in the sector of canonical variables x and p we
have
{xµ, xν}D = −Sµν2p2 ,
{xµ, pν}D = ηµν , {pµ, pν}D = 0. (16)
Hence, account of spin leads to deformation of the phase-
space symplectic structure: the position variables of
relativistic spinning particle obey the noncommutative
bracket, with the noncommutativity parameter being
proportional to the spin-tensor. This must be taken
into account in construction of quantum mechanics of
a spinning particle [32, 33]. In particular, for an electron
in electromagnetic field, the spin-induced noncommuta-
tivity explains the famous one-half factor in the Pauli
equation without appeal to the Thomas precession, Dirac
4equation or to the Foldy-Wouthuysen transformation, see
[34]. Besides, for a spinning body in gravitational field,
the spin-induced noncommutativity clarifies the discrep-
ancy in expressions for three-acceleration obtained by dif-
ferent methods, see [35].
Using the Dirac brackets together with the Hamilto-
nian (13), we obtain equations of motion
x˙µ = {xµ, H0}D = λ1
[
Pµ + aSµβθβαP
α
]
,
P˙µ = {Pµ, H0}D =
(
−1
4
θµν + (ΓP )µν
)
λ1
[
P ν + aSνβθβαP
α
]
= −1
4
θµν x˙
ν + ΓαµνPαx˙
ν ,
S˙µν = {Sµν , H0}D
= (2Pµδνα − ΓµασSσν)λ1
[
Pα + aSαβθβγP
γ
]− (µ↔ ν)
= 2P [µx˙ν] − ΓµασSσν x˙α − ΓνασSµσx˙α . (17)
They can be rewritten in a manifestly general-covariant
form as follows:
x˙µ = λ1
(
δµν + aS
µβθβν
)
P ν , (18)
∇Pµ = −1
4
RµναβS
αβ x˙ν ≡ −1
4
θµν x˙
ν , (19)
∇Sµν = 2(Pµx˙ν − P ν x˙µ) . (20)
Some relevant comments are in order.
1. Comparison with MPTD equations. Despite the fact
that the vector model has been initially constructed as a
theory of an elementary particle of spin one-half, it turns
out to be suitable to describe a rotating body in gen-
eral relativity in the pole-dipole approximation [5, 36].
Indeed, the equations (19) and (20) coincide with Dixon
equations of the body (our spin is twice of that of Dixon),
while our constraint (10) is just the Tulczyjew spin sup-
plementary condition1. Besides, the Hamiltonian equa-
tion (18) can be identified with the velocity-momentum
relation, implied by MPTD-equations, see [24] for a de-
tailed comparison. The only difference is that values of
momentum and spin are conserved quantities of MPTD
equations, while in the vector model they are fixed by
constraints. In summary [24], to study the class of tra-
jectories of a body with
√−P 2 = k and S2 = β, we can
use our spinning particle with m = kc and α =
β
8 .
2. Ultra relativistic limit. Using the Landau-Lifshitz
1 + 3 -decomposition [8], we showed in [24] that MPTD
equations yield a paradoxical behavior in ultra relativis-
tic limit: three-dimensional acceleration of the particle
grows with its speed, and diverges as |v| → c. In the
next section, we improve this by adding a non-minimal
spin-gravity interaction through the gravimagnetic mo-
ment.
1 While the variational problem dictates [37] the equation (10),
in the multipole approach there is a freedom in the choice of a
spin supplementary condition, related with the freedom in the
choice of a representative point xµ describing position of the
body [3, 4, 6]. Different conditions lead to the same results in
1
c2
-approximation, see [5, 38, 39].
3. Analogy between gravitation and electromagnetism.
Many people mentioned remarkable analogies between
gravitation and electromagnetism in various circum-
stances [16, 25–28]. Here we observe an analogy, compar-
ing (18)-(20) with equations of motion of spinning parti-
cle (with null gyromagnetic ratio) [29] in electromagnetic
field with the strength Fµν
x˙µ = λ1
(
δµν + aS
µβFβν
)
P ν ,
where a =
−2e
4m2c3 − e(SF ) , (21)
P˙µ =
e
c
Fµν x˙
ν , (22)
S˙µν = 2P [µx˙ν] . (23)
One system just turns into another if we identify θµν ≡
RµναβS
αβ ∼ Fµν , and set e = − c4 . That is a curvature
influences trajectory of a spinning particle in the same
way as an electromagnetic field with the strength θµν .
We now use this analogy to construct a non-minimal spin-
gravity interaction.
III. ROTATING BODY WITH
GRAVIMAGNETIC MOMENT
The Hamiltonian (6) is a combination of constraints, so
the Hamiltonian formulation of our model is completely
determined by the set of constraints (7), (8), and by
the expression (3) for canonical momentum Pµ through
the conjugated momentum pµ. We observe that alge-
braic properties of the constraints do not change, if we
replace the mass-shell constraint T1 = P
2 + m2c2 by
T˜1 = P
2 + f(x, P, S) +m2c2, where f(xµ, P ν , Sµν) is an
arbitrary scalar function. Indeed, in the modified the-
ory T3 and T4 remain the second-class constraints, while
T2, T5 and the combination T˜1 − {T3, T4}−1{T˜1, T4}T3 +
{T3, T4}−1{T˜1, T3}T4, form a set of first-class constraints.
If we confine ourselves to the linear in curvature and
quadratic in spin approximation, the only scalar function
f , which can be constructed from the quantities at our
disposal is κ16RµναβS
µνSαβ ≡ κRµναβωµπνωαπβ , where
κ is a dimensionless parameter. The resulting constraint
T˜1 = P
2 +
κ
16
(θS) +m2c2 = 0 , (24)
is similar to the Hamiltonian λ12
(
P 2 − egc (FS) +m2c2
)
of a spinning particle interacting with electromagnetic
field through the gyromagnetic ratio g, see [29]. In view
of this similarity, the interaction constant κ is called
gravimagnetic moment [15, 16], and we expect that non-
minimally interacting theory with the Hamiltonian (24)
could be consistent generalization of MPTD equations.
The consistency has been confirmed in [24], where we
presented the Lagrangian action of a spinning particle
that implies the constraints (24) and (8) in Hamiltonian
formalism.
5Poisson brackets of the constraints T˜1, T3 and T4 read
{T¯1, T3}= 1
2
(1− κ)(ωθP )
+κωσ(∇σRµναβ)ωµπνωαπβ . (25)
{T¯1, T4}= 1
2
(1− κ)(πθP )
+κπσ(∇σRµναβ)ωµπνωαπβ . (26)
{T3, T4}= P 2 − 1
16
(θS) ≈ −8a¯,
where a¯ =
2
16m2c2 + (κ+ 1)(θS)
. (27)
These expressions must be substituted in place of terms
1
2 (ωθP ),
1
2 (ωθP ) and a in the Table I. The Dirac brackets
(15), being constructed with help of T3 and T4, remain
valid in the modified theory. Our new Hamiltonian is
H = λ2H0 +
λ
2Hκ, with H0 from (13) and Hκ =
κ
16 (θS).
Hence, to obtain the manifest form of equations of motion
z˙ = {z,H0}D + {z,Hκ}D, we only need to compute the
brackets {z,Hκ}D. They are
{xµ, Hκ}D =−λ1κa¯
[
SµαθαβP
β
−1
8
Sµν(∇νRαβσλ)SαβSσλ
]
, (28)
{Pµ, Hκ}D =−1
4
θµα{xα, Hκ}D + ΓβµαPβ{xα, Hκ}D
−λ1κ
32
(∇µRαβσλ)SαβSσλ , (29)
{Sµν , Hκ}D =κλ1
4
θ[µαS
ν]α + 2P [µ{xν], Hκ}D
−
(
ΓµαβS
αν + ΓναβS
µα
)
{xβ , Hκ}D . (30)
Adding them to the equations z˙ = {z,H0}D given in
(18)-(20), we arrive at the dynamical equations
x˙µ= λ1 [δ
µ
ν − a¯(κ− 1)Sµαθαν ]P ν
+
λ1κa¯
8
Sµν(∇νRαβσλ)SαβSσλ , (31)
∇Pµ= −1
4
θµν x˙
ν − λ1κ
32
(∇µRαβσλ)SαβSσλ , (32)
∇Sµν= 2P [µx˙ν] + λ1κ
4
θ[µαS
ν]α . (33)
Together with the constraints (10), (11), and (24), they
give complete system of Hamiltonian equations of spin-
ning particle with gravimagnetic moment κ. As it should
be, our equations reduce to MPTD equations (18)-(20)
when κ = 0. Comparing the two systems, we see that
the non-minimal interaction yields quadratic and cubic
in spin corrections to MPTD equations.
The equations (31)-(33) are greatly simplified for a par-
ticle with unit gravimagnetic moment, κ = 1 (gravimag-
netic particle). It has a qualitatively different behavior
as compared with MPTD particle. First, gravimagnetic
particle has an expected behavior in the ultra relativistic
limit [9, 24]: three-dimensional acceleration of the par-
ticle and angular velocity of precession remain finite as
|v| → c, while the longitudinal acceleration vanishes in
the limit. Second, at low velocities, taking κ = 1 and
keeping only the terms which may give a contribution in
the leading post-Newton approximation, ∼ 1c2 , we obtain
from (31)-(33) the approximate equations
x˙µ = λ1P
µ , ∇Pµ = − 14θµν x˙ν − λ132 (∇µRαβσλ)SαβSσλ ,
∇Sµν = λ14 θ[µαSν]α , (34)
while MPTD equations (κ = 0) in the same approxima-
tion read
x˙µ = λ1P
µ , ∇Pµ = −1
4
θµν x˙
ν , ∇Sµν = 0 . (35)
In Sect. IV, we compute 1c2 corrections due to the extra-
terms appeared in (34).
Conserved charges. In curved space which possesses
some isometry, MPTD equations admit a constant of mo-
tion (see, for example, [7])
J (ξ) = Pµξµ − 1
4
Sµν∇νξµ , (36)
where ξµ is Killing vector which generates the isometry,
i.e., ∇µξν + ∇νξµ = 0. Let us show that J (ξ) remains
a constant of motion when the gravimagnetic interaction
is included. Using (32) and (33), we obtain by direct
calculation
J˙ (ξ) =
κλ1
8
[
SαβRµσαβS
σν∇νξµ − 1
4
SαβSσλξµ∇µRαβσλ
]
.
(37)
Using the Bianchi identities we find the relation
SαβSσλξµ∇µRαβσλ = 2SαβSσνξµ∇σRµναβ . (38)
Derivative of a curvature tensor is related with deriva-
tive of a Killing vector by the formula ξµ∇σRαβνµ −
ξµ∇νRαβσµ = R µαβσ ∇νξµ−R µαβν ∇σξµ +R µσνα ∇βξµ −
R µσνβ ∇αξµ. Contracting twice with the spin tensor we
obtain
SαβSσνξµ∇σRµναβ = 2SαβRµσαβSσν∇νξµ. (39)
Using this expression in (38), we obtain
SαβSσλξµ∇µRαβσλ = 4SαβRµσαβSσν∇νξµ. This
implies that the right hand side of (37) vanishes, so
J˙ (ξ) = 0. Thus, the quantity (36) represents a constant
of motion of a spinning particle with gravimagnetic
moment.
Lagrangian System of equations of motion. Since
we are interested in the influence of non-minimal spin-
gravity interaction on trajectory and spin of the par-
ticle, we eliminate the momenta Pµ and the auxiliary
variable λ1 from the equations (31)-(33), obtaining their
Lagrangian form. In the equation (31), which relates ve-
locity and momentum, appeared the matrix
Tαν ≡ δαν − (κ− 1)a¯Sασθσν . (40)
6Using the identity (SθS)µν = − 12 (Sαβθαβ)Sµν , we find
inverse2 of the matrix T
T˜αν ≡ δαν + (κ− 1)bSασθσν , b = 1
8m2c2 + κ(Sθ)
.(41)
Using (41), we solve (31) with respect to Pµ. Us-
ing the resulting expression in the constraint (24), we
obtain λ1 =
√−x˙Gx˙
mrc
, where m2r ≡ m2 + κ16c2 (Sθ) −
κ2Z2 is the radiation mass in gravitational field.
By Zµ we have denoted the vector, which vanishes
in spaces with covariantly-constant curvature, Zµ =
b
8cS
µσ(∇σRαβρδ)SαβSρδ. Besides, in the expression for
λ1 appeared a kind of effective metric G induced by
spin-gravity interaction along the world-line, Gµν =
T˜αµgαβT˜
β
ν . Only for the gravimagnetic particle (κ = 1),
the effective metric reduces to the original one. Using
(31) and (41), we obtain expression for momentum in
terms of velocity
Pµ =
mrc√−x˙Gx˙ T˜
µ
ν x˙
ν − κcZµ. (42)
We substitute this Pµ into (32) and (33), arriving at
the Lagrangian equations of our spinning particle with
gravimagnetic moment κ
∇
[
mr√−x˙Gx˙ T˜
µ
ν x˙
ν
]
= − 1
4c
θµν x˙
ν − κ
√−x˙Gx˙
32mrc2
∇µ(Sθ)
+κ∇Zµ, (43)
∇Sµν = −κ
√−x˙Gx˙
4mrc
(θS)[µν] − 2mrc(κ− 1)b√−x˙Gx˙ x˙
[µ(Sθx˙)ν]
+2κcx˙[µZν]. (44)
IV. LEADING POST-NEWTONIAN
CORRECTIONS DUE TO UNIT
GRAVIMAGNETIC MOMENT
Taking κ = 1 in (43) and (44), we obtain equations of
our gravimagnetic body
∇
[
mrx˙
µ
√−x˙gx˙
]
= − 1
4c
θµν x˙
ν −
√−x˙gx˙
32mrc2
∇µ(Sθ)
+∇Zµ , (45)
∇Sµν= −
√−x˙gx˙
4mrc
(θS)[µν] + 2cx˙[µZν] . (46)
To test these equations, we compute the leading relativis-
tic corrections due to unit gravimagnetic moment to the
trajectory and precession of a gyroscope, orbiting around
a rotating spherical body of massM and angular momen-
tum J. To this aim, we write equations of motion implied
2 We point out that the analogous matrix present in MPTD equa-
tions can not be explicitly inverted in the multipole approach.
by (45) and (46) for the three-dimensional position xi(t)
and for the spin-vector
S = 12
(
S23, S31, S12
)
, or Si(t) =
1
4ǫijkS
jk(t),
Sij = 2ǫijkSk, (47)
as functions of the coordinate time t = x
0
c . Due to the
reparametrization invariance, the desired equations are
obtained by setting τ = t in (45) and (46). We consider
separately the trajectory and the spin.
Trajectory. We denote vµ ≡ dxµdt = (c,v), so
√−x˙gx˙ =√−vgv = √−c2g00 − 2cg0ivi − gijvivj . The temporal
and spatial parts of Eq. (45) read
d
dt
[
mr√−vgv
]
+
mr
c
√−vgvΓ
0
µνv
µvν
= − 1
4c2
θ0νv
ν −
√−vgv
32mrc3
∇0(Sθ) + 1
c
∇tZ0 ,
d2xi
dt2
+ Γiµνv
µvν +
vi
√−vgv
mr
d
dt
[
mr√−vgv
]
= −
√−vgv
4mrc
θiνv
ν +
vgv
32m2rc
2
∇i(Sθ) +
√−vgv
mr
∇tZi .
Using the first equation in the second one, we avoid the
necessity to compute time derivative in the second term,
and obtain
d2xi
dt2
= −Γiµνvµvν + v
i
c
Γ0µνv
µvν
−
√−vgv
4mrc
[
θiνv
ν − v
i
c
θ0νv
ν
]
+
vgv
32m2rc
2
[
∇i(Sθ)− v
i
c
∇0(Sθ)
]
+
√−vgv
mr
[
∇tZi − v
i
c
∇tZ0
]
. (48)
Now we assume a non relativistic motion, vc << 1, and
expand all quantities in (48) in series with respect to 1c .
Typical metric of stationary spaces has the series of the
form [40]
g00 = −1 + 2g00 + 4g00 + . . .
gij = δij +
2gij +
4gij + . . . (49)
gi0 =
3gi0 +
5gi0 + . . . ,
where ngµν denotes the term in gµν of order 1/c
n. As a
consequence, the series of connection, curvature and its
covariant derivative starts from 1c2 or from higher order.
In some details, we have
Γµνα =
2Γµνα +
4Γµνα + . . . for Γ
i
00, Γ
i
mn, Γ
0
0m , (50)
Γµνα =
3Γµνα +
5Γµνα + . . . for Γ
i
0m, Γ
0
00, Γ
0
mn , (51)
Rµναβ = (52)
2Rµναβ +
4Rµναβ + . . . for R
0
mn0, R
0
0mn, R
i
0m0, R
i
jmn ,
Rµναβ = (53)
3Rµναβ +
5Rµναβ + . . . for R
0
imn, R
0
0m0, R
i
0mn, R
i
jm0 .
7Besides, for various quantities which appear in equations
(45) and (46), we have the estimations
√−vgv ∼ c+ 1
c
+ . . . , −vgv ∼ c2 + 1 + 1
c2
+ . . . ,
m2r ∼ m2 +
1
c4
+ . . . , θµν ∼ 1
c2
+ . . . ,
b ∼ 1
c2
+ . . . , Zµ ∼ 1
c5
+ . . . . (54)
At last, the spin supplementary condition implies
Si0 =
1
c
Sijvj + . . . . (55)
Keeping only the terms which may contribute up to order
1
c2 in the equation (48), we obtain
d2xi
dt2
= −Γiµνvµvν + v
i
c
Γ0µνv
µvν
+
1
4m
[
viθ00 − cθi0 − θijvj
]− 1
32m2
∇i(Sθ) . (56)
The terms on right-hand side of this equation are conve-
niently grouped according to their origin
d2x
dt2
= aΓ + aR + a∇R . (57)
Here aΓ is the contribution due to connection, aR comes
from interaction between spin and space-time curvature,
and a∇R is the contribution which involves derivatives of
the Riemann tensor. Using (50)-(53) we obtain
aiΓ ≡−Γiαβvαvβ +
vi
c
Γ0αβv
αvβ
=−c2 2Γi00 − 2Γimnvnvm + 2vi 2Γ0m0vm
−c2 4Γi00 + cvi 3Γ000 − 2c 3Γim0vm, (58)
aiR ≡
1
4m
[
viθ00 − cθi0 − θijvj
]
=− 1
4m
[
2 2Ri0m0S
mnvn + 2RikmnS
mnvk
− 2R00mnSmnvi
]− c
4m
3Ri0mnS
mn , (59)
ai∇R ≡−
1
32m2
giσ∇σRαβµνSαβSµν
=− 1
32m2
∂i
2RjklmS
jkSlm . (60)
As a concrete example of an external gravitational field,
we take a stationary, asymptotically flat metric in the
post-Newtonian approximation up to order 1c4 [40]
ds2 =
(
−1 + 2GM
c2r
− 2G
2M2
c4r2
)
(dx0)2
−4GǫijkJ
jxk
c3r3
dx0dxi
+
(
1 +
2GM
c2r
+
3G2M2
2c4r2
)
dxidxi . (61)
It can be obtained taking the asymptotic form of the
Kerr metric for a large radial coordinate [41]. With this
metric, the equations (58)-(60) are3
aΓ =−MG
r2
rˆ+
4GM
c2r2
(rˆ · v)v − GM
c2r2
v2rˆ+
4G2M2
c2r3
rˆ
+2
G
c2
[
3(J · rˆ)rˆ− J
r3
]
× v , (62)
aR =3
GM
mc2r3
[(rˆ× v)(rˆ · S) + rˆ(S · (rˆ× v))]
− 1
m
∇
[
G
c2
(
3(J · rˆ)rˆ− J
r3
)
· S
]
, (63)
a∇R = − 1
2m
∇
[
G
c2
(
M
m
)(
3(S · rˆ)rˆ− S
r3
)
· S
]
. (64)
We denoted by rˆ the unit vector in the direction of r.
Spin torque. Setting κ = 1 and τ = t ≡ x0c in the
spatial part of Eq. (46), this reads
dSij
dt
=−ΓiαβvαSβj − ΓjαβvαSiβ +
√−vgv
4mrc
θ[iαS
j]α
+2cv[iZj]. (65)
For the spin-vector (47), this equation implies
dSi
dt
=−1
2
ǫijkΓjµνv
µSνk −
√−vgv
8mrc
ǫijkθjνS
νk
+cǫijkvjZk . (66)
Taking into account the equations (50)-(54), we keep only
the terms which may contribute up to order 1c2
dSi
dt
=−1
2
ǫijk
[
cΓj00S
0k + vnΓjnmS
mk + cΓj0nS
nk
]
− 1
8m
ǫijkθjnS
nk
=Sn
(
2Γn00v
i + 2Γnikv
k
)− Si ( 2Γk00 + 2Γlkl) vk
+c 3Γk0iS
k +
1
2m
ǫmnl
2RkimnS
kSl . (67)
The total torque on right hand side of this equation can
be conveniently grouped as follows:
dS
dt
= τv + τJ + τR , (68)
where τv contains the velocity-dependent terms, τJ de-
pends on inner angular momentum of central body, and
3 The first two terms in aR can be written also as follows:
−3 GM
mc2r3
[(v × S) − 2rˆ (rˆ · (v × S))− (rˆ · v) (rˆ× S)].
8τR is due to spin-curvature interaction. Computing these
terms for the metric (61), we obtained
τv=
GM
c2r2
[2(S · rˆ)v + (rˆ · v)S− (S · v)rˆ] , (69)
τJ=
G
c2
[
3(J · rˆ)rˆ− J
r3
]
× S , (70)
τR=
G
c2
(
M
m
)[
3(S · rˆ)rˆ
r3
]
× S . (71)
Magnitude of the torque (68) does not represent directly
measurable quantity. Indeed, evolution of the gyroscope
axis is observed in the frame co-moving with the gyro-
scope, so the measurable quantity is dS
′
ds , where S
′
i are
components of spin-vector in the rest frame of gyroscope,
and s is its proper time. Magnitudes of the two torques
do not coincide, since S is not a covariant object. Accord-
ing to the classical work of Schiff [38], we can present S′
through S, and then use the resulting relation to com-
pute dS
′
ds through
dS
dt given in (68). The procedure is as
follows. First, we use the tetrad formalism, presenting
original metric along an infinitesimal arc of the gyro-
scope trajectory as gµν = e˜
A
µ e˜
B
ν ηAB. Let e
µ
A is inverse
matrix of e˜Aµ . Applying a general-coordinate transforma-
tion xµ → xA with the transition functions ∂xµ∂xA = eµA,
the metric acquires the Lorentz form, ηAB = e
µ
Ae
ν
Bgµν .
So the transformed spin-tensor, SCD = e˜Cµ e˜
D
ν S
µν , repre-
sents spin of gyroscope in a free-falling frame. Second, we
apply the Lorentz boost ΛCA(v), where v is velocity of
gyroscope, to make the frame co-moving with gyroscope.
This gives the spin-tensor S′CD = ΛCAΛDB e˜Aµ e˜
B
ν S
µν .
Then three-dimensional spin (47) in the co-moving frame
can be presented through the quantities given in original
coordinates as follows:
S′i =
1
4
ǫijkΛ
j
AΛ
k
B e˜
A
µ e˜
B
ν S
µν . (72)
Since our metric is diagonal in 1c2 -approximation, the
tetrad field is diagonal as well, and reads e˜00 = 1 − GMc2r ,
e˜ii = 1 +
GM
c2r , i = 1, 2, 3, again to
1
c2 order. The Lorentz
boost is given by the matrix with components Λ00 = γ,
Λi0 = Λ
0
i = −γ vic , Λij = δij + γ−1v2 vivj , where γ =
(1 − v2/c2)− 12 . Using these expressions in Eq. (72), we
write it in 1c2 -approximation
S′ = S+
2GM
c2r
S− 1
2c2
[
v2S− (v · S)v] . (73)
To compute derivative dds of this expression, we note that
the difference between ds and dt can be neglected, being
of order 1c2 , so we can replace
d
ds on
d
dt on the right hand
side of (73). For dvdt we use its expression (57) in the
leading approximation, dvdt = −MGr2 rˆ. The result is
dS′
ds
=
dS
dt
−GM
c2r2
[
(rˆ · v)S+ 1
2
(rˆ · S)v + 1
2
(v · S)rˆ
]
.(74)
We substitute (68) into (74), and then replace S on S′ in
the resulting expression, since according to (73), S differs
from S′ only by terms of order 1c2 . The final result for
total torque in the rest frame of gyroscope is
dS′
ds
= τ ′v + τ
′
J + τ
′
R , (75)
where
τ
′
v =
3GM
2c2r2
[rˆ× v]× S′, (76)
while τ ′J and τ
′
R are given by (70) and (71), where S must
be replaced on S′.
Comments. 1. Curiously enough, spin torque in original
coordinates, being averaged over a revolution along an
almost closed orbit, almost coincides with instantaneous
torque in the co-moving frame. This has been observed
by direct computation of the mean value of dSds , see [42,
43]. The same result is implied by Eq. (74): 〈dS′ds 〉 −
〈dSdt 〉 ∼ 1c2 〈dSdt 〉 ∼ 1c4 , and since 〈dS
′
ds 〉 ≈ dS
′
ds , we have
〈dSdt 〉 ≈ dS
′
ds .
2. Spin-tensor subject to the condition SµνPν = 0 can be
used to construct four-dimensional Pauli-Lubanski vector
sµ =
√− det gµν
4
√−P 2 ǫµαβγP
αSβγ , where ǫ0123 = −1.(77)
In a free theory, where Pα does not depend on Sβγ , this
equation can be inverted, so Sβγ and sµ are mathemati-
cally equivalent. Hence spatial components s could be
equally used to describe spin of a gyroscope [40]. In
1
c2 -approximation we have P
α = mx˙α, and (77) im-
plies s = S in the rest frame of gyroscope. Under
general-coordinate transformations, S transforms as spa-
tial part of a tensor, while s transforms as a part of
four-vector. So the two spins differ in all frames except
the rest frame. Let us find the relation between them
in 1c2 -approximation. Using the approximate equali-
ties (−vgv)− 12 = 1c
(
1 + v
2
2c2 +
GM
c2r
)
and
√− det gµν =
1 + 2GMc2r together with Eqs. (42), (54) and (55), we ob-
tain for spatial part of (77)
s =
1
γ
S+
1
c2
(v · S)v + 3GM
c2r
S. (78)
Computing derivative of this equality and using (68)-
(71), we arrive at the following expression for variation
rate of s:
ds
dt
=
GM
c2r2
[(s · rˆ)v − (v · rˆ)s − 2(s · v)rˆ]
+τJ + τR. (79)
The first term coincides with that of Weinberg [40].
Post-Newtonian Hamiltonian. Let us obtain an
effective Hamiltonian, which yields the equations (57)
and (68) in 1c2 -approximation. According to the pro-
cedure described in [34], complete Hamiltonian for dy-
namical variables as functions of the coordinate time t is
9H = −cp0, where p0 is a solution to the mass-shell con-
straint (24) with Pµ given in (3). Solving the constraint,
we obtain
H =
c√
−g00
√
(mc)2 + γijPiPj +
1
16
(θS)
−cπµΓµ0νων + cg
0i
g00
Pi, (80)
where γij = gij − g0ig0jg00 . After tedious computations,
this gives the following expression up to 1c2 -order:
H =mc2 +
1
2m
[
p+
m
c
(
2G
c
[J× r
r3
] + 2
M
m
G
c
[S× r
r3
]
)]2
− (p
2)2
8m3c2
− 3GM
2mc2r
p2 −mGM
r
+m
(MG)2
2c2r2
+
1
2c
(
2G
c
[∇× [J× r
r3
]] +
M
m
G
c
[∇× [S× r
r3
]]
)
· S. (81)
Together with the Dirac brackets (15), also taken in 1c2 -
approximation, this gives Hamiltonian equations of mo-
tion. Excluding from them the momentum p, we arrive
at the Lagrangian equations (57) and (68).
To write the Hamiltonian in a more convenient form,
we introduce4 vector potential AJi = −c2g0i for the grav-
itomagnetic field BJ , produced by rotation of central
body (we use the conventional factor 2Gc , different from
that of Wald [26]. In the result, our BJ = 4BWald)
AJ =
2G
c [J× rr3 ],
then BJ = [∇×AJ ] = 2Gc 3(J·rˆ)rˆ−Jr3 . (82)
Then Eq. (81) prompts to introduce also the vector po-
tential AS of fictitious gravitomagnetic field BS due to
rotation of a gyroscope
AS =
M
m
G
c [S× rr3 ],
then BS = [∇×AS ] = Mm Gc 3(S·rˆ)rˆ−Sr3 , (83)
as well as the extended momentum
Π ≡ p+ m
c
(AJ + 2AS). (84)
With these notation, the Hamiltonian (81) becomes sim-
ilar to that of spinning particle in a magnetic field
H = mc2 +
1
2m
Π2 − (Π
2)2
8m3c2
− 3GM
2mc2r
Π2
−mGM
r
+
m(MG)2
2c2r2
+
1
2c
(BJ +BS) · S (85)
=
c√
−g00
√
(mc)2 + gijΠiΠj +
1
2c
(BJ +BS) · S.(86)
4 We recall [44] that vector potential, produced by a localized
current distribution J(x′) in electrodynamics is determined, in
the leading order, by the vector of magnetic moment µ =
1
2c
∫
[x′ × J(x′)]d3x as follows: A = [µ × r
r3
], and the corre-
sponding magnetic field is B = [∇×A] = 3(µ·rˆ)rˆ−µ
r3
.
Note that the Hamiltonian c√−g00
√
(mc)2 + gijpipj cor-
responds to the usual Lagrangian L = −mc√−gµνx˙µx˙ν
describing a particle propagating in the Schwarzschild
metric gµν . So, the approximate Hamiltonian (86) can be
thought as describing a gyroscope orbiting in the field of
Schwarzschild space-time and interacting with the grav-
itomagnetic field.
Effective Hamiltonian for MPTD equations turns out
to be less symmetric: it is obtained from (86) excluding
the term 12c (BS · S), while keeping the potential AS in
(84). Hence the only effect of non-minimal interaction is
the deformation of gravitomagnetic field of central body
according to the rule
BJ → BJ +BS . (87)
V. DISCUSSION
Starting from a variational problem, we have stud-
ied relativistic spinning particle with non-minimal spin-
gravity interaction through the gravimagnetic moment
κ. Hamiltonian equations for an arbitrary κ are pre-
sented in (31)-(33). When κ = 0, our variational prob-
lem yields MPTD equations (19) and (20), accompanied
by the momentum-velocity relation (18) and by the ex-
pected constraints (7), (10) and (11). When κ = 1, the
MPTD equations are modified by extra terms, see Eqs.
(34) and (35) above.
We have computed, in the coordinate-time
parametrization t = x
0
c , the acceleration (88)-(90)
and the spin torque (69)-(71) of our gravimagnetic
particle in the field of a rotating central body (61) in
the leading post-Newtonian approximation. We also
obtained the approximate Hamiltonian (86), which
implies these expressions in the Hamiltonian formu-
lation with use of Dirac brackets. As it should be
expected, the expressions (62), (63) and (69), (70)
coincide with those of known from analysis of MPTD
equations [39, 42, 43, 45–52]. The new terms due to the
non-minimal interaction are (64) and (71). Using the
notation (82) and (83), the total acceleration of spinning
particle in 1c2 -approximation reads
a =−MG
r2
rˆ+
4GM
c2r2
(rˆ · v)v − GM
c2r2
v2rˆ
+
4G2M2
c2r3
rˆ (88)
+
1
c
(BJ +BS)× v + GM
mc2r3
[S× v
+3(S · (rˆ× v))rˆ] (89)
− 1
2mc
∇([BJ +BS ] · S). (90)
The first term in (88) represents the standard limit of
Newtonian gravity and implies an elliptical orbit. The
next three terms represent an acceleration in the or-
bital plane and are responsible for the precession of per-
ihelia [40, 45, 46]. The term 1cBJ × v represents the
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acceleration due to Lense-Thirring rotation of central
body, while the remaining terms in (89) and (90) de-
scribe the influence of the gyroscopes spin on its tra-
jectory. The first term in (89) has been computed by
Lense and Thirring [48–50], the remaining terms in (89)
have been discussed in [17, 26, 35]. The gravitational
dipole-dipole force 12mc∇(BJ · S) has been computed by
Wald [26]. The new contribution due to non-minimal
interaction, 12mc∇(BS · S), is similar to the Wald term.
The acceleration (89) comes from second term of effective
Hamiltonian (85), while (90) comes from the last term.
The geodetic precession (69) comes from second term
of effective Hamiltonian (85), while the frame-dragging
precession (70) is produced by the term 12c (BJ · S). So
they are the same for both gravimagnetic and MPTD
particle. They have been first computed by Schiff [38],
and measured during Stanford Gravity Probe B exper-
iment [53, 54]. The term (71) is due to non-minimal
interaction, and appears only for gravimagnetic particle.
Comparing the expressions (70) and (71), we conclude
that precession of spin S due to non-minimal interaction
is equivalent to that of caused by rotation of central body
with the momentum J = MmS.
Effective Hamiltonian for the case of non-rotating cen-
tral body (Schwarzschild metric) is obtained from (86)
by setting AJ = BJ = 0. We conclude that, due to the
term 12cBS ·S, the spin of gravimagnetic particle will ex-
perience frame-dragging effect (71) even in the field of a
non-rotating central body.
In a co-moving frame, gravimagnetic particle experi-
ences the precession dSdt = [Ω× S] with angular velocity
Ω =
3GM
2c2r2
[rˆ× v] + 1
2c
BJ +
1
c
BS , (91)
which depends on gyroscopes spin S. Hence, two gyro-
scopes with different magnitudes and directions of spin
will precess around different rotation axes. Then the an-
gle between their own rotation axes will change with time
in Schwarzschild or Kerr space-time. Since the variation
of the angle can be measured with high precision, this
effect could be used to find out whether a rotating body
has unit or null gravimagnetic moment.
To estimate the relative magnitude of spin torques due
to BJ and BS , we represent them in terms of angular ve-
locities. Assuming that both bodies are spinning spheres
of uniform density, we write J = I1ω1 and S = I2ω2,
where ωi is angular velocity and Ii = (2/5)mir
2
i is mo-
ment of inertia. Then the last two terms in (91) read
Ωfd =
2Gm1r
2
1
5c2r3
[
3
(
[ω1 + ρ
2
ω2] · rˆ
)
rˆ− (ω1 + ρ2ω2)
]
,
(92)
where ρ ≡ (r2/r1). Note that Ωfd does not depend
on mass of the test particle. The ratio ρ2 ≡ (r2/r1)2
is extremely small for the case of Gravity Probe B ex-
periment, so the MPTD and gravimagnetic bodies are
indistinguishable in this experiment. For a system like
Sun-Mercury ρ2 ∼ 10−5. For a system like Sun-Jupiter
ρ2 ∼ 10−2. The new effect could be relevant to the anal-
ysis of binary pulsars with massive companions, where
the geodetic spin precession has been observed [55–57].
Besides, the two torques could have a comparable mag-
nitudes in a binary system with stars of the same size
(so ρ = 1), but one of them much heavier than the other
(neutron star or white dwarf). Then our approximation
of a central field is reasonable and, according to Eq. (92),
the frame-dragging effect due to gravimagnetic moment
becomes comparable with the Schiff frame-dragging ef-
fect.
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